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Abstract
In this paper, the notion of C-simulation function is introduced and the existence and unique-
ness of common fixed points of two self-mappings satisfying contractive conditions in the setting
of complex valued metric spaces via C-simulation functions are studied. Examples are also
provided to demonstrate the results. The existence and uniqueness of a first-order periodic
differential equation is also obtained as an application of the result.
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1 Introduction and Preliminaries
In 2011, Azam et.al [2] introduced the concept of complex valued metric spaces which is a general-
ization of metric spaces and established common fixed point of self-mappings satisfying generalized
contractive condition. Many authors (see [2, 7, 9–11]) have obtained fixed point results in complex
valued metric spaces and proved the existence and uniqueness of solution of nonlinear integral equa-
tions.
Let N, R and C be the set of natural numbers, real numbers and complex numbers, respectively.
For z1, z2 ∈ C, define a partial order - on C as follows:
z1 - z2 if and only if Rez1 ≤ Rez2 and Imz1 ≤ Imz2.
In other words, z1 - z2 if one of the following conditions holds:
(i) Re(z1) = Re(z2) and Im(z1) = Im(z2),
(ii) Re(z1) = Re(z2) and Im(z1) < Im(z2),
(iii) Re(z1) < Re(z2) and Im(z1) = Im(z2),
(iv) Re(z1) < Re(z2) and Im(z1) < Im(z2).
We will write z1  z2 if z1 6= z2 and any of (ii), (iii) or (iv) is satisfied. If only (iv) is satisfied, then
we write z1 ≺ z2. If a, b ∈ R and a < b then az  bz for all z ∈ C. It is easily observed that if
0 - z1  z2 then |z1| < |z2|. Also, if z1 - z2 and z2 ≺ z3 then z1 ≺ z3.
Azam et.al [2] defined complex valued metric as follows:
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Definition 1.1. A complex valued metric on a nonempty set X is a mapping d : X ×X → C such
that for all x, y, z ∈ X , the following conditions are satisfied:
(i) 0 - d(x, y) and d(x, y) = 0 if and only if x = y,
(ii) d(x, y) = d(y, x)
(iii) d(x, y) - d(x, z) + d(z, y).
The pair (X, d) is called a complex valued metric space.
Example 1.2. ( [9], [10])Let X = C and dj : X ×X → C, j = 1, 2, 3 be defined as
(i) d1(z1, z2) = |z1 − z2| for all z1, z2 ∈ X.
(ii) d2(z1, z2) = e
ik|z1 − z2| for all z1, z2 ∈ X and k ∈ R.
(iii) d3(z1, z2) = |x1 − x2|+ i|y1 − y2| for all z1 = x1 + iy1, z2 = x2 + iy2 ∈ X.
Then (X, dj) (j = 1, 2, 3) is a complex valued metric space.
Definition 1.3. ( [2]) Let (X, d) be a complex valued metric space and A ⊂ X . Then
(i) A point a ∈ A is called an interior point of A if there exists 0 ≺ r ∈ C such that
B(a, r) = {y ∈ X : d(a, y) ≺ r} ⊂ A.
(ii) A point a ∈ A is called a limit point of A if for every 0 ≺ r ∈ C we have
B(a, r) ∩ (A \ {a}) 6= ∅.
(iii) A is called open if each point of A is a limit point of A. A is called closed if each limit point of
A belongs to A.
(iv) The family B = {B(x, r) : x ∈ X, 0 ≺ r} is a sub-basis for a Hausdorff topology τ on X .
Definition 1.4. ( [2]) Let (X, d) be a complex valued metric space. Let {xn} be a sequence in X
and x ∈ X . Then
(i) the sequence {xn} converges x if for every 0 ≺ c ∈ C there exists n0 ∈ N such that d(xn, x) ≺ c
for all n > n0. We denote this by lim
n→∞
xn = x.
(ii) the sequence {xn} is called Cauchy in (X, d) if for every 0 ≺ c ∈ C there exists n0 ∈ N such that
d(xn, xm) ≺ c for all n,m > n0.
(iii) the space (X, d) is said to be complete if every Cauchy sequence is convergent.
Lemma 1.5. (See [2]) Let (X, d) be a complex valued metric space and {xn} be a sequence in X.
Then {xn} converges to x if and only if |d(xn, x)| → 0 as n→∞.
Lemma 1.6. (See [2]) Let (X, d) be a complex valued metric space and {xn} be a sequence in X.
Then {xn} is a Cauchy sequence if and only if |d(xn, xn+m)| → 0 as n→∞.
Definition 1.7. Let S and T be self-mappings of a nonempty set X . A point x ∈ X is called
common fixed point of S and T if Sx = Tx.
Recently, Khojasteh et.al [5] introduced the notion of simulation functions. Using this concept
several fixed point results of the literature have been generalized and unified. Later, this idea have
been undertaken by several authors to prove fixed point results in the framework of metric spaces
and its various generalizations. Khojasteh et al. defined simulation function as follows:
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Definition 1.8. ( [5]) A simulation function is a mapping ζ : [0,∞) × [0,∞) → R satisfying the
following conditions:
(i) ζ(0, 0) = 0,
(ii) ζ(t, s) < s− t for all t, s > 0,
(iii) if {tn} and {sn} are sequences in (0,∞) such that lim
n→∞
tn = lim
n→∞
sn > 0, then
lim sup
n→∞
ζ(tn, sn) < 0.
In this paper, we introduce the concept of C-simulation function. Common fixed point results of
self mappings in the context of complete complex valued metric spaces via simulation functions are
obtained. Examples are also provided to illustrate the applicability of the results obtained. In the
last section, a first-order periodic differential equation is solved as an application of one of the results
of the main section.
2 Main Results
In this section, we define C-simulation function and give some examples. Also, we prove some common
fixed point results. Let T : X → X be a map, denote
Fix(T ) = {x ∈ X : Tx = x}
S = {z ∈ C : 0 - z}.
Definition 2.1. A mapping ξ : S×S→ C is called a C-simulation function if it satisfies the following
conditions:
(i) ξ(0, 0) = 0,
(ii) ξ(t, s)  s− t for all 0  t, s,
(iii) if {tn} and {sn} are sequences in S \ {0} such that 0  lim
n→∞
|tn| = lim
n→∞
|sn| then
lim sup
n→∞
ξ(|tn|, |sn|)  0.
Throughout this paper, we denote by ZC the collection of all C-simulation functions.
Example 2.2. Let ξj : S× S→ C, j = 1, 2, 3 be defined as
(i) ξ1(t, s) = λs− t for all t, s ∈ S, where 0 < λ < 1.
(ii) ξ2(t, s) = ψ(s) − φ(t) for all t, s ∈ S, where ψ, φ : S → S are continuous functions satisfying
ψ(t)  t - φ(t).
(iii) ξ3(t, s) = s− t− i|t| for all t, s ∈ S.
It is easy to see that each ξj (j = 1, 2, 3) is a C-simulation function.
Samet et.al [8] introduced the concept of α-admissible maps and Abdeljawad [1] suggested the
notion of α-admissiblity for a pair of mappings. Motivated by them we introduce the concept of
αC-admissible mappings.
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Definition 2.3. Let α : X ×X → S and S, T : X → X , then the mapping T is called αC-admissible
if for all x, y ∈ X we have
1 - α(x, y) implies 1 - α(Tx, Ty)
and the pair (S, T ) is αC-admissible if
1 - α(x, y) implies 1 - α(Sx, Ty) and 1 - α(Tx, Sy).
Definition 2.4. Let α : X ×X → S and S, T : X → X , then the pair (S, T ) is αC-orbital admissible
if
1 - α(x, Sx) implies 1 - α(Sx, TSx) and 1 - α(Tx, S2x)
and
1 - α(x, Tx) implies 1 - α(Sx, T 2x) and 1 - α(Tx, STx).
Furthermore, the pair (S, T ) is triangular αC-orbital admissible if
1 - α(x, y) and 1 - α(y, Sy) implies 1 - α(x, Sy)
and
1 - α(w, z) and 1 - α(z, T z) implies 1 - α(w, Tz).
Definition 2.5. Let (X, d) be a complex valued metric space, then X is said to be αC-regular if for
every sequence {xn} ⊂ X such that xn → x in (X, d) there exists a subsequence {xnk} of {xn} such
that
1 - α(xnk , x) and 1 - α(x, xnk).
Definition 2.6. Let (X, d) be a complex valued metric space, S, T : X → X be self-mappings and
ξ ∈ ZC. Then the pair (S, T ) is called an αC-admissible ZC-contraction with respect to ξ if for all
x, y ∈ X , the following conditions are satisfied:
(i) 0 - α(x, y)d(Sx, Ty),
(ii) 0 - ξ(α(x, y)d(Sx, Ty), d(x, y)),
(iii) 0 - ξ(|α(x, y)d(Sx, Ty)|, |d(x, y)|).
Theorem 2.7. Let (X, d) be a complete complex valued metric space and S, T : X → X be self-
mappings such that the pair (S, T ) is an αC-admissible ZC-contraction with respect to ξ. Suppose
that
(i) (S, T ) is triangular αC-orbital admissible,
(ii) there exists x0 ∈ X such that 1 - α(x0, Sx0) and 1 - α(Sx0, x0),
(iii) X is αC-regular.
Moreover, if for x, y ∈ Fix(T ) ∩ Fix(S) we have 1 - α(x, y). Then S and T have a unique common
fixed point in X.
Proof. Construct a sequence {xn} in X such that
x2n+1 = Sx2n, x2n+2 = Txn+1, for alln = 0, 1, 2, . . . .
Since (S, T ) is αC-orbital admissible, 1 - α(x0, Sx0) and 1 - α(Sx0, x0) then 1 - α(xn, xn+1) and
1 - α(xn+1, xn). For all n ≥ 0 we have
0 - ξ(α(x2n, x2n+1)d(Sx2n, Tx2n+1), d(x2n, x2n+1))
 d(x2n, x2n+1)− α(x2n, x2n+1)d(x2n+1, x2n+2).
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Therefore, |d(x2n+1, x2n+2)| ≤ |α(x2n, x2n+1)d(x2n+1, x2n+2)| < |d(x2n, x2n+1)|. Also,
0 - ξ(α(x2n+2, x2n+1)d(Sx2n+2, Tx2n+1), d(x2n+2, x2n+1))
 d(x2n+2, x2n+1)− α(x2n+2, x2n+1)d(x2n+3, x2n+2)
which implies that |d(x2n+2, x2n+3)| < |d(x2n+1, x2n+2)|. Then {|d(xn, xn+1)|} is a monotonically non-
increasing sequence of non-negative real numbers therefore, it is convergent. Let lim
n→∞
|d(xn, xn+1)| =
L ≥ 0. Therefore, lim
n→∞
|d(x2n+1, x2n+2)| = L. Suppose that L > 0. Also,
0 - ξ(α(x2n, x2n+1)d(x2n+1, x2n+2), d(x2n, x2n+1))
which gives |d(x2n+1, x2n+2)| ≤ |α(x2n, x2n+1)d(x2n+1, x2n+2)| < |d(x2n, x2n+1)|. Therefore,
lim
n→∞
|α(x2n, x2n+1)d(x2n+1, x2n+2)| = L.
Then using (iii) of Definition 2.1 we get, 0 - ξ(|α(x2n, x2n+1)d(x2n+1, x2n+2)|, |d(x2n, x2n+1)|)  0, a
contradiction. Therefore,
lim
n→∞
|d(xn, xn+1)| = 0. (2.1)
Now we prove that {xn} is a Cauchy sequence in (X, d). It suffices to show that {x2n} is a Cauchy
sequence in (X, d). On the contrary, assume that {x2n} is not a Cauchy sequence. Then there exists
c ∈ C with 0 ≺ c for which we can find two subsequences {x2mi} and {x2ni} of {x2n} such that ni is
the smallest positive integer with
2ni > 2mi ≥ i and c - d(x2mi , x2ni).
This means that d(x2mi , x2ni−2) ≺ c. Consider
c - d(x2mi , x2ni)
- d(x2mi , x2ni−1) + d(x2ni−1, x2ni)
- d(x2mi , x2ni−2) + d(x2ni−2, x2ni−1) + d(x2ni−1, x2ni)
which implies that
|c| ≤ |d(x2mi, x2ni)| < |c|+ |d(x2ni−2, x2ni−1)|+ |d(x2ni−1, x2ni)|.
Letting i→∞ and using (2.1) we get, lim
i→∞
|d(x2mi , x2ni)| = |c| and lim
i→∞
|d(x2mi , x2ni−1)| = |c|. Also,
c - d(x2mi , x2ni)
- d(x2mi , x2mi+1) + d(x2mi+1, x2ni)
- d(x2mi , x2mi+1) + d(x2mi+1, x2mi) + d(x2mi , x2ni).
This gives lim
i→∞
|d(x2mi+1, x2ni)| = |c|. Since 0 - ξ(α(x2mi, x2ni−1)d(x2mi+1, x2ni), d(x2mi , x2ni−1)),
lim
i→∞
|α(x2mi , x2ni−1)d(x2mi+1, x2ni)| = |c|. Then 0 - ξ(|α(x2mi, x2ni−1)d(x2mi+1, x2ni)|, |d(x2mi, x2ni−1)|)
 0, a contradiction. Therefore, {x2n} is a Cauchy sequence in (X, d). Then there exists u ∈ X such
that lim
n→∞
|d(xn, u)| = 0. We observe that
d(Su, u) - d(Su, Tx2nk+1) + d(Tx2nk+1, u).
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Since X is αC-regular, 1 - α(u, x2nk+1) which implies 0 - ξ(α(u, x2nk+1)d(Su, Tx2nk+1), d(u, x2nk+1)).
Then |d(Su, Tx2nk+1)| < |d(u, x2nk+1)|. Therefore, we have |d(Su, u)| < |d(u, x2nk+1)|+ |d(x2nk+2, u)|.
Letting i→∞ we get, Su = u. Also,
d(u, Tu) - d(u, Sx2nk) + d(Sx2nk , Tu).
SinceX is αC-regular, 1 - α(x2nk , u) which gives 0 - ξ(α(x2nk , u)d(Sx2nk , Tu), d(x2nk , u)). Therefore,
|d(Sx2nk , Tu)| < |d(x2nk , u))|. Therefore, we have |d(u, Tu)| < |d(u, x2nk+1)| + |d(x2nk , u)|. Letting
i → ∞ we get, Tu = u. Thus, u is a common fixed point of S and T . Let v be another common
fixed point of S and T . Consider
0 - ξ(α(u, v)d(Su, Tv), d(u, v)) d(u, v)− α(u, v)d(u, v).
This implies that |d(u, v)| ≤ |α(u, v)d(u, v)| < |d(u, v)|, a contradiction. Hence, S and T have a
unique common fixed point in X .
Corollary 2.8. Let (X, d) be a complete complex valued metric space and T : X → X satisfies
(i) 0 - α(x, y)d(Tx, Ty),
(ii) α(x, y)d(Tx, Ty) - λd(x, y)
for all x, y ∈ X, where λ is a real number such that 0 < λ < 1. Suppose that the following conditions
hold:
(i) T is triangular αC-orbital admissible,
(ii) there exists x0 ∈ X such that 1 - α(x0, Tx0),
(iii) X is αC-regular.
Moreover, if for x, y ∈ Fix(T ) we have 1 - α(x, y). Then T has a unique fixed point in X.
Proof. Choosing ξ(t, s) = λs − t for all t, s ∈ S, where λ is a real number such that 0 < λ < 1 in
Theorem 2.7 we have the desired result.
It is worth noting that Banach contraction principle is an immediate consequence of Theorem
2.7.
Corollary 2.9. (Banach Contraction) Let (X, d) be a complete complex valued metric space.
Suppose that T : X → X satisfies
d(Tx, Ty) - λd(x, y)
for all x, y ∈ X, where λ is a real number such that 0 < λ < 1. Then T has a unique fixed point in
X.
Corollary 2.10. Let (X, d) be a complete complex valued metric space and T : X → X satisfies
(i) 0 - α(x, y)d(Tx, Ty),
(ii) φ(α(x, y)d(Tx, Ty)) - λψ(d(x, y))
(iii) φ(|α(x, y)d(Tx, Ty)|)- λψ(|d(x, y)|)
for all x, y ∈ X, where φ, ψ : S → S are continuous functions, φ(t) = 0 = ψ(t) if and only if t = 0
and ψ(t)  t - φ(t) for all 0  t. Suppose that the following conditions hold:
(i) T is triangular αC-orbital admissible,
(ii) there exists x0 ∈ X such that 1 - α(x0, Tx0),
(iii) X is αC-regular.
Moreover, if for x, y ∈ Fix(T ) we have 1 - α(x, y). Then T has a unique fixed point in X.
Proof. Take ξ(t, s) = ψ(s) − φ(t), where φ, ψ : S → S are continuous functions, φ(t) = 0 = ψ(t) if
and only if t = 0 and ψ(t)  t - φ(t) for all 0  t in Theorem 2.7.
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Example 2.11. Let X = C and define d : X ×X → C as
d(z1, z2) = |x1 − y1|+ i|x2 − y2|,
where z1 = x1+ ix2 and z2 = y1+ iy2. Then (X, d) is a complete complex valued metric space. Define
T : X → X as Tz = z+i
2
and suppose that λ is a real number such that 1
2
≤ λ < 1. It is easily seen
that d(Tx, Ty) - λd(x, y) for all x, y ∈ X . Therefore, by Corollary 2.9 T has a unique fixed point
and the fixed point is i.
The following example illustrates the use of Corollary 2.9 in solving a nonlinear integral equation.
Example 2.12. Consider the nonlinear integral equation
x(t) = 2 +
∫ t
a
(x(s) + s3)e1−2sds, t ∈ [a, b].
Let X = C([a, b],R) be the set of continuous real valued functions defined on [a, b]. Suppose that
a > 1 and b− a < e2a − 1. Define d : X ×X → C as
d(z1, z2) = max
t∈[a,b]
|z1 − z2|
√
a2 + b2
a
ei tan
-1( b
a
).
Define T : X → X as
Tx(t) = 2 +
∫ t
a
(x(s) + s3)e1−2sds, t ∈ [a, b].
For x, y ∈ X consider
|Tx(t)− Ty(t)| =
∣∣∣ ∫ t
a
(x(s)− y(s))e1−2sds
∣∣∣
≤
∫ t
a
|x(s)− y(s)|e1−2ads.
Now
d(Tx, Ty) = max
t∈[a,b]
|Tx(t)− Ty(t)|
√
a2 + b2
a
ei tan
-1( b
a
)
-
b− a
e2a−1
d(x, y)
Then for λ = b−a
e2a−1
all the conditions of Corollary 2.9 are satisfied. Therefore, T has a unique fixed
point in X which is the solution of the given nonlinear integral equation.
Remark 2.13. It is noted that from Example 2.12 we are able to find the solution of the following
differential equation:
dx
dt
= (x+ t3)e1−2t, t ∈ [1, 2] and x(1) = 2.
We will give another application of Theorem 2.7 for finding common fixed points of two finite
families of self-mappings.
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Definition 2.14. ( [4]) Two families of self-mappings {Si}ni=1 and {Ti}mi=1 are said to be pairwise
commuting if the following conditions hold:
(i) SiSj = SjSi, i, j ∈ {1, 2, . . . , n},
(ii) TiTj = TjTi, i, j ∈ {1, 2, . . . , m},
(iii) SiTj = TjSi, i ∈ {1, 2, . . . , n} and j ∈ {1, 2, . . . , m}.
Theorem 2.15. Let (X, d) be a complete complex valued metric space. Let {Si}ni=1 and {Ti}mi=1 be
a pairwise commuting finite families of self-mappings defined on X such that S = S1S2 . . . Sn and
T = T1T2 . . . Tm. Suppose that the pair (S, T ) satisfies the hypothesis of Theorem 2.7. Then the
component maps of the two families {Si}ni=1 and {Ti}mi=1 have a unique common fixed point in X.
Proof. By Theorem 2.7, S and T have a unique common fixed point in X say u. We observe that for
every k, S(Tku) = Tk(Su) = Tku and T (Tku) = Tk(Tu) = Tku. Similarly, Sku (for every k) is also a
common fixed point of S and T . By the uniqueness of common fixed point we conclude that u is a
common fixed point of the families {Si}ni=1 and {Ti}mi=1.
If we take S1 = S2 = . . . = Sn = S and T1 = T2 = . . . = Tm = T in the above theorem we deduce
the following result:
Corollary 2.16. Let (X, d) be a complete complex valued metric space and S, T : X → X be two
commuting maps. Suppose that the pair (Sn, Tm) satisfies the hypothesis of Theorem 2.7. Then S
and T have a unique common fixed point in X.
If we take S = T and n = m in Theorem 2.15 we have the following result:
Corollary 2.17. Let (X, d) be a complete complex valued metric space and T : X → X be a map
such that for all x, y ∈ X the following conditions are satisfied:
(i) 0 - α(x, y)d(T nx, T ny),
(ii) 0 - ξ(α(x, y)d(T nx, T ny), d(x, y)),
(iii) 0 - ξ(|α(x, y)d(T nx, T ny)|, |d(x, y)|),
(iv) T is triangular αC-orbital admissible,
(v) there exists x0 ∈ X such that 1 - α(x0, Tx0),
(vi) X is αC-regular.
Moreover, if for x, y ∈ Fix(T ) we have 1 - α(x, y). Then T has a unique fixed point in X.
Definition 2.18. Let (X, d) be a complex valued metric space, S, T : X → X be self-mappings and
ξ ∈ ZC. Then the pair (S, T ) is called a generalized αC-admissible ZC-contraction with respect to ξ
if for all x, y ∈ X , the following conditions are satisfied:
(i) 0 - α(x, y)d(Sx, Ty),
(ii) 0 - ξ(α(x, y)d(Sx, Ty),M(x, y)),
where M(x, y) = λmax
{
|d(x, y)|, |d(x, Sx)|, |d(y, Ty)|, |d(x,Ty)|+|d(y,Sx)|
2
}
and λ is a real number
such that 0 < λ < 1,
(iii) 0 - ξ(|α(x, y)d(Sx, Ty)|,M(x, y)).
Theorem 2.19. Let (X, d) be a complete complex valued metric space and S, T : X → X be self-
mappings such that the pair (S, T ) is a generalized αC-admissible ZC-contraction with respect to ξ.
Suppose that
(i) (S, T ) is triangular αC-orbital admissible,
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(ii) there exists x0 ∈ X such that 1 - α(x0, Sx0) and 1 - α(Sx0, x0),
(iii) X is αC-regular.
Moreover, if for x, y ∈ Fix(T ) ∩ Fix(S) we have 1 - α(x, y). Then S and T have a unique common
fixed point in X.
Proof. Proceeding as in Theorem 2.7 we construct a sequence {xn} in X satisfying |d(x2n+1, x2n+2)| <
M(x2n, x2n+1), where
M(x2n, x2n+1) = λmax
{
|d(x2n, x2n+1)|, |d(x2n+1, x2n+2)|, |d(x2n, x2n+2)|
2
}
.
If M(x2n, x2n+1) = λ|d(x2n, x2n+1)|, then
|d(x2n+1, x2n+2)| < λ|d(x2n, x2n+1)|.
If M(x2n, x2n+1) = λ|d(x2n+1, x2n+2)|, then
|d(x2n+1, x2n+2)| < λ|d(x2n+1, x2n+2)| < |d(x2n+1, x2n+2)|,
a contradiction. If M(x2n, x2n+1) =
λ
2
|d(x2n, x2n+2)|, then
|d(x2n+1, x2n+2)| < λ
2
|d(x2n, x2n+2)| < 1
2
{
|d(x2n, x2n+1)|+ |d(x2n+1, x2n+2)|
}
.
Therefore, from all the cases we have |d(x2n+1, x2n+2)| < |d(x2n, x2n+1)|. Similarly, |d(x2n+2, x2n+3)| <
|d(x2n+1, x2n+2)|. Then {|d(xn, xn+1)|} is a monotonically non-increasing sequence of non-negative
real numbers therefore, it is convergent. Let lim
n→∞
|d(xn, xn+1)| = L ≥ 0. Suppose that L > 0. Then
lim
n→∞
M(x2n, x2n+1) = λL. As 0 - ξ(α(x2n, x2n+1)d(Sx2n, Tx2n+1),M(x2n, x2n+1)), which gives
|α(x2n, x2n+1)d(Sx2n, Tx2n+1)| ≤ M(x2n, x2n+1).
Therefore, lim
n→∞
|α(x2n, x2n+1)d(Sx2n, Tx2n+1)| = λL. Then
0 - ξ(|α(x2n, x2n+1)d(Sx2n, Tx2n+1)|,M(x2n, x2n+1))  0,
a contradiction. Thus, lim
n→∞
|d(xn, xn+1)| = 0.
Now it suffices to show that {x2n} is a Cauchy sequence in (X, d). On the contrary, assume that
{x2n} is not a Cauchy sequence. Then there exists c ∈ C with 0 ≺ c for which we can find two
subsequences {x2mi} and {x2ni} of {x2n} such that ni is the smallest positive integer with
2ni > 2mi ≥ i and c - d(x2mi , x2ni).
This means that d(x2mi , x2ni−2) ≺ c. Following the lines in the proof of Theorem 2.7 we get,
lim
i→∞
|d(x2mi , x2ni)| = lim
i→∞
|d(x2mi , x2ni−1)| = lim
i→∞
|d(x2mi+1, x2ni)| = |c|. Now
M(x2mi , x2ni−1) = λmax
{
|d(x2mi , x2ni−1)|, |d(x2mi, x2mi+1)|, |d(x2ni−1, x2ni)|,
|d(x2mi, x2ni)|+ |d(x2ni−1, x2mi+1)|
2
}
.
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If M(x2mi , x2ni−1) = λ|d(x2mi , x2ni−1)|, then lim
i→∞
M(x2mi , x2ni−1) = λ|c|. If M(x2mi , x2ni−1) =
λ|d(x2mi , x2mi+1)|, then lim
i→∞
M(x2mi , x2ni−1) = 0. Since 0 - ξ(α(x2mi, x2ni−1)d(x2mi+1, x2ni),
M(x2mi , x2ni−1)) then
|d(x2mi+1, x2ni)| ≤ |α(x2mi , x2ni−1)d(x2mi+1, x2ni)| < M(x2mi , x2ni−1).
This gives |c| ≤ 0, a contradiction. IfM(x2mi , x2ni−1) = λ|d(x2ni−i, x2ni)|, then lim
i→∞
M(x2mi , x2ni−1) =
0 and proceeding as in the previous case we get a contradiction.
If M(x2mi , x2ni−1) =
λ
2
{
|d(x2mi , x2ni)|+ |d(x2ni−1, x2mi+1)|
}
, then
M(x2mi , x2ni−1) -
λ
2
{
|d(x2mi , x2ni)|+ |d(x2ni−1, x2ni)|+ |d(x2ni , x2mi+1)|
}
.
Letting i → ∞ we get, lim
i→∞
M(x2mi , x2ni−1) ≤ λ|c|. Since λ|d(x2mi , x2ni−1)| ≤ M(x2mi , x2ni−1),
lim
i→∞
M(x2mi , x2ni−1) = λ|c|. Also,
0 - ξ(α(x2mi , x2ni−1)d(x2mi+1, x2ni),M(x2mi , x2ni−1))
M(x2mi , x2ni−1)− α(x2mi , x2ni−1)d(x2mi+1, x2ni).
This gives |d(x2mi+1, x2ni)| ≤ |α(x2mi , x2ni−1)d(x2mi+1, x2ni)| < M(x2mi , x2ni−1). Letting i → ∞ we
get,
|c| ≤ lim
i→∞
|α(x2mi , x2ni−1)d(x2mi+1, x2ni)| ≤ λ|c|
which implies that lim
i→∞
|α(x2mi , x2ni−1)d(x2mi+1, x2ni)| = λ|c|. Then
0 - ξ(|α(x2mi, x2ni−1)d(x2mi+1, x2ni)|,M(x2mi , x2ni−1))  0,
a contradiction. Therefore, {x2n} is a Cauchy sequence in (X, d). Then there exists u ∈ X such that
lim
n→∞
|d(xn, u)| = 0. We observe that
d(Su, u) - d(Su, Tx2nk+1) + d(Tx2nk+1, u).
Since X is αC-regular, 1 - α(u, x2nk+1) which gives 0 - ξ(α(u, x2nk+1)d(Su, Tx2nk+1),M(u, x2nk+1)).
Therefore, |d(Su, Tx2nk+1)| < M(u, x2nk+1), where
M(u, x2nk+1) = λmax
{
|d(u, x2nk+1)|, |d(u, Su)|, |d(x2nk+1, x2nk+2)|,
|d(u, x2nk+2)|+ |d(x2nk+1, Su)|
2
}
.
Case-1 If M(u, x2nk+1) = λ|d(u, x2nk+1)|, then |d(Su, u)| < λ|d(u, x2nk+1)| + |d(x2nk+2, u)|. Letting
k →∞ we get, Su = u.
Case-2 If M(u, x2nk+1) = λ|d(u, Su)|, then |d(Su, u)| < λ|d(Su, u)|+ |d(x2nk+2, u)|. Letting k →∞
we get, |d(Su, u)| ≤ λ|d(Su, u)| < |d(Su, u)|, a contradiction.
Case-3 If M(u, x2nk+1) = λ|d(x2nk+1, x2nk+2)|, then |d(Su, u)| < λ|d(x2nk+1, x2nk+2)|+ |d(x2nk+2, u)|.
Letting k →∞ we get, Su = u.
Case-4 If M(u, x2nk+1) =
λ
2
{
|d(u, x2nk+2)|+ |d(x2nk+1, Su)|
}
, then
|d(Su, u)| < λ
2
{
|d(u, x2nk+2)|+ |d(x2nk+1, u)|+ |d(u, Su)|+ |d(x2nk+2, u)|
}
.
Letting k →∞ we get, |d(Su, u)| < |d(Su, u)|, a contradiction. Similarly, we can prove that Tu = u.
Let v be another common fixed point of S and T . Consider 0 - ξ(α(u, v)d(Su, Tv),M(u, v)), where
M(u, v) = λ|d(u, v)|. This implies that α(u, v)d(u, v)  M(u, v). Since 1 - α(u, v), |d(u, v)| <
λ|d(u, v)| < |d(u, v)|, a contradiction. Hence, S and T have a unique common fixed point in X .
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Corollary 2.20. Let (X, d) be a complete complex valued metric space. Suppose that T : X → X
satisfies
(i) φ(d(Tx, Ty)) - ψ(M(x, y)),
(ii) φ(|d(Tx, Ty)|) - ψ(M(x, y))
for all x, y ∈ X, where M(x, y) = λmax
{
|d(x, y)|, |d(x, Tx)|, |d(y, Ty)|,
|d(x,Ty)|+|d(y,Tx)|
2
}
, λ is a real number such that 0 < λ < 1 and φ, ψ : S→ S are continuous functions,
φ(t) = 0 = ψ(t) if and only if t = 0 and ψ(t)  t - φ(t) for all 0  t. Then T has a unique fixed
point in X.
Proof. Take ξ(t, s) = ψ(s)−φ(t), where φ, ψ : S→ S are continuous functions, φ(t) = 0 = ψ(t) if and
only if t = 0 and ψ(t)  t - φ(t) for all 0  t and α(x, y) = 1 for all x, y ∈ X in Theorem 2.19.
As an application of Theorem 2.19 we state the following theorem:
Theorem 2.21. Let (X, d) be a complete complex valued metric space and {Si}ni=1 and {Ti}mi=1 be
a pairwise commuting finite families of self-mappings defined on X such that S = S1S2 . . . Sn and
T = T1T2 . . . Tm. Suppose that the pair (S, T ) satisfies the hypothesis of Theorem 2.19. Then the
component maps of the two families {Si}ni=1 and {Ti}mi=1 have a unique common fixed point in X.
Corollary 2.22. Let (X, d) be a complete complex valued metric space and T : X → X be a map
such that for all x, y ∈ X the following conditions are satisfied:
(i) 0 - α(x, y)d(T nx, T ny),
(ii) 0 - ξ(α(x, y)d(T nx, T ny),M(x, y)),
where M(x, y) = λmax
{
|d(x, y)|, |d(x, Tx)|, |d(y, Ty)|, |d(x,Ty)|+|d(y,Tx)|
2
}
and λ is a real number
such that 0 < λ < 1,
(iii) 0 - ξ(|α(x, y)d(T nx, T ny)|,M(x, y)),
(iv) T is triangular αC-orbital admissible,
(v) there exists x0 ∈ X such that 1 - α(x0, Tx0),
(vi) X is αC-regular.
Moreover, if for x, y ∈ Fix(T ) we have 1 - α(x, y). Then T has a unique fixed point in X.
Theorem 2.23. Let (X, d) be a complete complex valued metric space, ξ ∈ ZC and S, T : X → X
be a pair of self-mappings such that for all x, y ∈ X, the following conditions hold:
(i) 0 - α(x, y)d(Sx, Ty),
(ii) 0 - ξ(α(x, y)d(Sx, Ty), N(x, y)),
where N(x, y) = max
{
|d(x, y)|, |d(x,Sx)||d(y,Ty)|+|d(x,Ty)||d(y,Sx)|
1+|d(x,y)|
}
,
(iii) 0 - ξ(|α(x, y)d(Sx, Ty)|, N(x, y)),
(iv) (S, T ) is triangular αC-orbital admissible,
(v) there exists x0 ∈ X such that 1 - α(x0, Sx0) and 1 - α(Sx0, x0),
(vi) X is αC-regular.
Moreover, if for x, y ∈ Fix(T ) ∩ Fix(S) we have 1 - α(x, y). Then S and T have a unique common
fixed point in X.
Proof. Following the lines of the proof of Theorem 2.7 we construct a sequence {xn} in X satisfying
|d(x2n+1, x2n+2)| < N(x2n, x2n+1), where
N(x2n, x2n+1) = max
{
|d(x2n, x2n+1)|, |d(x2n, x2n+1)||d(x2n+1, x2n+2)|
1 + |d(x2n, x2n+1)|
}
.
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If N(x2n, x2n+1) =
|d(x2n,x2n+1)||d(x2n+1,x2n+2)|
1+|d(x2n,x2n+1)|
, then
|d(x2n+1, x2n+2)| < |d(x2n, x2n+1)||d(x2n+1, x2n+2)||1 + d(x2n, x2n+1)| < |d(x2n+1, x2n+2)|,
a contradiction. This gives |d(x2n+1, x2n+2)| < |d(x2n, x2n+1)|. Similarly, |d(x2n+3, x2n+2)| < |d(x2n+2,
x2n+1)|. Then {|d(xn, xn+1)|} is a monotonically non-increasing sequence of non-negative real numbers
therefore, it is convergent. It is easily seen that lim
n→∞
|d(xn, xn+1)| = 0. It suffices to prove that {x2n}
is a Cauchy sequence in (X, d). On the contrary, assume that {x2n} is not a Cauchy sequence in
(X, d). Then there exists c ∈ C with 0 ≺ c for which we can find two subsequences {x2mi} and {x2ni}
of {x2n} such that ni is the smallest positive integer with
2ni > 2mi ≥ i and c - d(x2mi , x2ni).
This means that d(x2mi , x2ni−2) ≺ c. Following the lines in the proof of Theorem 2.7 we get,
lim
i→∞
|d(x2mi , x2ni)| = lim
i→∞
|d(x2mi , x2ni−1)| = lim
i→∞
|d(x2mi+1,
x2ni)| = |c|. Now
N(x2mi , x2ni−1) = max
{
|d(x2mi , x2ni−1)|,
1
1 + |d(x2mi , x2ni−1)|
{|d(x2mi , x2mi+1)|
|d(x2ni−1, x2ni)|+ |d(x2mi , x2ni)||d(x2ni−1, x2mi+1)|}
}
.
If N(x2mi , x2ni−1) =
|d(x2mi ,x2mi+1)||d(x2ni−1,x2ni)|+|d(x2mi ,x2ni)||d(x2ni−1,x2mi+1)|
1+|d(x2mi ,x2ni−1)|
, then
N(x2mi , x2ni−1) ≤
1
|1 + d(x2mi , x2ni−1)|
[
|d(x2mi , x2mi+1)||d(x2ni−1, x2ni)|
+ {|d(x2mi , x2ni−1)|+ |d(x2ni−1, x2ni)|}|d(x2ni−1, x2mi+1)|
]
<
|d(x2mi , x2mi+1)||d(x2ni−1, x2ni)|
|1 + d(x2mi , x2ni−1)|
+ |d(x2ni−1, x2mi+1)|
+
|d(x2ni−1, x2ni)||d(x2ni−1, x2mi+1)|
|1 + d(x2mi , x2ni−1)|
≤ |d(x2mi , x2mi+1)||d(x2ni−1, x2ni)||1 + d(x2mi , x2ni−1)|
+ |d(x2ni−1, x2ni)|
+ |d(x2ni, x2mi+1)|+
|d(x2ni−1, x2ni)||d(x2ni−1, x2mi+1)|
|1 + d(x2mi , x2ni−1)|
.
Letting i → ∞ we get, lim
i→∞
N(x2mi , x2ni−1) ≤ |c|. Also, |d(x2mi , x2ni−1)| ≤ N(x2mi , x2ni−1). There-
fore, lim
i→∞
N(x2mi , x2ni−1) = |c|. Since
0 - ξ(α(x2mi , x2ni−1)d(x2mi+1, x2ni), N(x2mi , x2ni−1))
 N(x2mi , x2ni−1)− α(x2mi , x2ni)d(x2mi+1, x2ni)
which gives lim
n→∞
|α(x2mi , x2ni−1)d(x2mi+1, x2ni)| = |c|. So,
0 - ξ(|α(x2mi, x2ni−1)d(x2mi+1, x2ni)|, N(x2mi , x2ni−1))  0,
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a contradiction. Thus, {x2n} is a Cauchy sequence in (X, d). Then there exists u ∈ X such that
lim
n→∞
|d(xn, u)| = 0. Consider d(Su, u) - d(Su, Tx2nk+1) + d(Tx2nk+1, u). As 0 - ξ(α(u, x2nk+1)
d(Su, Tx2nk+1), N(u, x2nk+1)) which implies that |d(Su, Tx2nk+1)| < N(u, x2nk+1)), where
N(u, x2nk+1) = max
{
|d(u, x2nk+1)|,
|d(u, Su)||d(x2nk+1, x2nk+2)|+ |d(u, x2nk+2)||d(x2nk+1, Su)|
1 + |d(u, x2nk+1)|
}
.
Case-1 If N(u, x2nk+1) = |d(u, x2nk+1)|, then |d(Su, u)| < |d(u, x2nk+1)| + |d(x2nk+2, u)|. Letting
k →∞ we get, Su = u.
Case-2 If N(u, x2nk+1) =
|d(u,Su)||d(x2nk+1,x2nk+2)|+|d(u,x2nk+2)||d(x2nk+1,Su)|
1+|d(u,x2nk+1)|
, then
|d(Su, u)| < |d(u, Su)||d(x2nk+1, x2nk+2)|+ |d(u, x2nk+2)||d(x2nk+1, Su)||1 + d(u, x2nk+1)|
+ |d(x2nk+2, u)|.
Letting k → ∞ we get, Su = u. Similarly, we can prove that Tu = u. Let v be another common
fixed point of S and T . Consider
0 - ξ(α(u, v)d(Su, Tv), N(u, v)),
where N(u, v) = max
{
|d(u, v)|, |d(u,v)|2
1+|d(u,v)|
}
. In both the cases we get, |d(u, v)| < |d(u, v)|, a contra-
diction. Hence, S and T have a unique common fixed point in X .
3 Application to Differential Equations
In this section, inspired by Natashi and Vetro [6] and Harjani and Sadarangani [3] we establish the
existence of a solution of a differential equation as an application of our result.
LetX = C([0, a],Rn) be the space of continuous functions u : [0, a]→ Rn. Let ‖(u1, u2, . . . , un)‖ =
max{|u1|, |u2|, . . . , |un|} and define d : X ×X → C as
d(u, v) = max
t∈[0,a]
‖u(t)− v(t)‖
√
1 + a2ei tan
-1 a
for all u, v ∈ X . Then (X, d) is a complete complex valued metric space. Consider the first-order
periodic problem
u′(t) = f(t, u(t)), t ∈ [0, a],
u(0) = u(a),
(3.1)
where f : [0, a]× Rn → Rn is a continuous function. This is equivalent to
u′(t) + ηu(t) = f(t, u(t)) + ηu(t), t ∈ [0, a], η > 1 is a real number
u(0) = u(a),
(3.2)
Then equation (3.2) is equivalent to the following integral equation:
u(t) =
∫ a
0
H(t, s)[f(s, u(s)) + ηu(s)]ds,
where
H(t, s) =
{
eη(a+s−t)
eηa−1
, if 0 ≤ s ≤ t ≤ a,
eη(s−t)
eηa−1
, if 0 ≤ t ≤ s ≤ a.
Note that
∫ a
0
H(t, s)ds = 1
η
.
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Theorem 3.1. Consider the first-order periodic problem (3.1) with f : [0, a]×Rn → Rn a continuous
function and suppose that there exists η > 1 such that
‖f(t, u) + ηu− f(t, v)− ηv‖ ≤ ‖u− v‖
for all u, v ∈ X. Then equation (3.1) has a unique solution.
Proof. Define T : X → X as
(Tu)(t) =
∫ a
0
H(t, s)[f(s, u(s)) + ηu(s)]ds.
Observe that u ∈ X is a fixed point of T if and only if u is a solution of (3.1). Since G(t, s) > 0 for
t, s ∈ [0, a], for every u, v ∈ X we have
d(Tu, Tv) = max
t∈[0,a]
‖(Tu)(t)− (Tv)(t)‖
√
1 + a2ei tan
-1 a
= max
t∈[0,a]
∥∥∥ ∫ a
0
H(t, s)[f(s, u(s)) + ηu(s)− f(s, v(s))− ηv(s)]ds
∥∥∥
√
1 + a2ei tan
-1 a
- max
t∈[0,a]
∫ a
0
H(t, s)‖u(s)− v(s)‖
√
1 + a2ei tan
-1 ads
-
1
η
d(u, v).
Therefore, all the conditions of Corollary 2.9 are satisfied. Hence, T has a unique fixed point in
X
Example 3.2. Consider the first-order periodic problem
u′(t) = f(t, u(t)), t ∈ [0, 1],
u(0) = u(1),
(3.3)
where f : [0, 1] × Rn → Rn is defined as f(t, u) = (t − u1, t − u2, . . . , t − un) for all t ∈ [0, 1] and
u = (u1, u2, . . . , un). For 1 < η < 2 , f(t, u) + ηu − f(t, v) − ηv = ((η − 1)(u1 − v1), (η − 1)(u2 −
v2), . . . , (η−1)(un−vn)). Then ‖f(t, u)+ηu−f(t, v)−ηv‖ ≤ ‖u−v‖. Using Theorem 3.1, equation
(3.3) has a unique solution.
Example 3.3. Consider the first-order periodic problem
u′(t) = f(t, u(t)), t ∈ [0, 2],
u(0) = u(1),
(3.4)
where f : [0, 2] × Rn → Rn is defined as f(t, u) = − ln(10 + t2)(u1, u2, . . . , un) for all t ∈ [0, 2] and
u = (u1, u2, . . . , un). For −1 + ln 10 < η < 1 + ln 14 , f(t, u) + ηu − f(t, v) − ηv = (η − ln(10 +
t2))((u1− v1), (u2− v2), . . . , (un− vn)). Then ‖f(t, u)+ ηu− f(t, v)− ηv‖ ≤ ‖u− v‖. Using Theorem
3.1, equation (3.4) has a unique solution.
Acknowledgements
The corresponding author(Manu Rohilla) is supported by UGCNon-NET fellowship (Ref.No. Sch/139/Non-
NET/Math./Ph.D./2017-18/1028).
14
References
[1] Abdeljawad T., Meir-Keeler α-contractive fixed and common fixed point theorems, Fixed Point
Theory Appl. 2013, 2013:19, 10 pp.
[2] Azam A., Fisher B. and Khan M., Common fixed point theorems in complex valued metric
spaces, Numer. Funct. Anal. Optim. 32 (2011), no. 3, 243–253.
[3] Harjani J. and Sadarangani K., Fixed point theorems for weakly contractive mappings in par-
tially ordered sets, Nonlinear Anal. 71 (2009), no. 7-8, 3403–3410.
[4] Imdad M., Ali J. and Tanveer M., Coincidence and common fixed point theorems for nonlinear
contractions in Menger PM spaces, Chaos Solitons Fractals 42 (2009), no. 5, 3121–3129.
[5] Khojasteh F., Shukla S. and Radenovic´ S., A new approach to the study of fixed point theory
for simulation functions, Filomat 29 (2015), no. 6, 1189–1194.
[6] Nastasi A. and Vetro P., Existence and uniqueness for a first-order periodic differential problem
via fixed point results, Results Math. 71 (2017), no. 3-4, 889–909.
[7] Rouzkard F. and Imdad M., Some common fixed point theorems on complex valued metric
spaces, Comput. Math. Appl. 64 (2012), no. 6, 1866–1874.
[8] Samet B., Vetro C. and Vetro P., Fixed point theorems for α-ψ-contractive type mappings,
Nonlinear Anal. 75 (2012), no. 4, 2154–2165.
[9] Sintunavarat W., Cho Y. J. and Kumam P., Urysohn integral equations approach by common
fixed points in complex-valued metric spaces, Adv. Difference Equ. 2013, 2013:49, 14 pp.
[10] Sintunavarat W. and Kumam P., Generalized common fixed point theorems in complex valued
metric spaces and applications, J. Inequal. Appl. 2012, 2012:84, 12 pp.
[11] Sintunavarat W., Bahadur Zada M. and Sarwar M., Common solution of Urysohn integral
equations with the help of common fixed point results in complex valued metric spaces, Rev. R.
Acad. Cienc. Exactas F´ıs. Nat. Ser. A Math. RACSAM 111 (2017), no. 2, 531–545.
15
